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ABSTRACT

One of the most widely used
approaches to computing system relfiability
is to represent the system structure in
terms of a Boolean sum of all minpaths.
This expression is then transforaed into a
sum of disjoint terms. The probadility of
each term is then suamed to obtain the
reliabllity of the system. A key question
with respect to the difficulty of this
process relates to the ability to
transform the {nitial sum into a sum of
disjoint products. In this paper, we show
that for the class of shellable systems,
there always exists a disjoint product
expression with a number of terms equal to
the number of minpaths. We provide
several examples of shellable systems for
which such an expression can be
efficiently found.

Introduction

In this paper we consider the
property of shellability of a coherent
system, and show how it can be used to
compute or approximate reliability for
these systems. In particular, we show how
one can directly evaluate the disjoint
products form for reliability by writing
this expression as a shelling for the
system. We also {ndicate how the property
of shellabllity can help to construct good
approximations to reliadblility when even
the disjoint products method is too
cumbersome., We present several
applications for which the underlying
system is shellable, and give examples to
show the shelling.

1. Definitions and Notation

Consider a set N of n components.
Each component { {s subject to faflure
with probability py, and all components

*The work of this author was supported in
part by the Alr Force Office of Scientific
Research under contract AFOSR-84-0140.
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fail independently., A structure function
¢ i3 given which maps the nAvector
xe{(Xy,...,Xp) Oof component indicators
(xy=1 1If component { operates, and 0
otherwise) into the system status (¢(x)=1
if the system operates and 0 otherwise).
We assume that the function ¢ is coherent,
thet 18, ¢(0) = 0, ¢(1) = 1 and ¢ ls
nondecreasing in oaeh component. In this
case, the function ¢ can be described
compietely by giving the set [Ty,...,Tp]
of minpaths, that is, Ty is a minimal set
of components whose operation insures
system operation. It follows that ¢(x)
equals 1 {f and only 1if the set {j:xi=1]
of operating components contains at least
one of the minpaths Ty. Thus the event of
system operation can be described as the
union of events (denoted by plus)

n. - (‘-1) - A

’...’A’_

1

vhere Aj represents the event that all
components of Ty operate, Unfortunately,
one cannot immedjiately write the
probability for this expression because
the events are not disjoint. One of the
ways to proceed is to write the above
expression in disjoint products form, that
is, as a union of mutually exclusive
events

.
L.

n
R, oAy v ’1A2 TP 1% JRRRN S

where product denotes intersection and bar
denotes the complementary svent. The
probability of system operation can now be
written as the sum of probabilities of the
events

R, =14....4 .a

¢, 172 1ia174

and the problem is reduced to computing
the probabilities of each of the n. L
*

Many papers have dealt with effective use
of the disjoint product form to compute
systes reliability (see [11,[2],(31],
(63,[vv],[121,0132,0162,[17]).
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0.1) can
alaso be qulte complex. What we would
11ke to inveatigate in this paper are
aysltemn for which we can write the
41atoint product in such 4 way that the

toprmy Rb y can te romputed directly as

tntersetions of componant events

unfortunately, computtng P.(R

PO T T P P N

anere Ly s the event that component j§
gperated and Xy 19 the ovent that
component 4 ra{ls. This leada to the
fajtnwing detinition,

Defin ton: A cohercent system iy

¢ if there i3 an ordering Ty,
TUUTT of minpaths auch that the avent

R \ cin be written as n disjoint product
.

of component events,
cxpreasion for R’

The corresponding

for the ayatem,

It ts ecle2ar that { a ahelling can be
ohtained £ar a3 aystem, then the
probabil ity of system operation can be
writter Iimmedfately as the sum of the
gprofvihiiities of the eventa Ro,l’ which

carl be wottten In turn an a product of
campanent probabilitten:

e ePy

(R Yoo {lnap, Y. {Mep
. Sy

. e
[ by Jo e

by uatng the indepoendence of component
eventy,

Conalder the coherent system
L7 ined on component set N ~ }1,2,3,4,5)
whien has the set of minpatha [123,18,008,
). (For stmpliclly, we wili use the
mame netatisn for T oand Aqg.) Thin 13
.ot abkeliabie In the ovdee gilven, sfnce
XBXQXU

Lxample:

tae cvent (T73)(14) - X X, X0 X,
caarat be written on n single dinjoint
pooduct of componeat events, The
ertering (19,24,348,101), however, 13 a
ahelting, for the aystem operatlon can
nzvw be written in d!ajolint proluct form

R, - (1) e (VEY(P8) » (TR)CTR)(3H)
COVMY(TTID (T (12 3)
3
R XL Ny Y 91q2¥1£“
. x‘x?v39u

“he probability of system operatlion can
he written directly an

Pr(no) « Ciwp )Q1sp ) ¢ p Cinp, ) (18p, )
. p‘p2(1“P3)(‘“D“)
+ (1ﬂp1)(l“p2)(1ﬂp3)pu,

There 19 a second way that shellabllity can
ald in reliabllity romputation, and thias
docs not depend an knowing a apecliftc
shelling at all. It turna out that
shellabllity provides cambinatortal
structure Lo a system which reastricts the
number of operating configuratjons (x such
that ¢(x) « 1) with a given number of
operating components, Thins naken ft
reliability, under the assumption of equal
component fatlure probabilities, which are
considerably more accurate than those that
can be ohtalned without having the property
of ahellabllity., Moreover, there are very
efficfent. methods of obtaining these
approximationa, and so such approximation
techniques are useful when the syatem 1is
too complex to allow exact computation of
reliability. The detalls of thls procedure
are somewhat involved, and the reader is
urged to consult [S) and [14] for detalls.

Shellability, therefore, i3 a
convenient property for o system to have,
fn terms of facllitating rellabllity
computation, It is not a property held by
all systems, Take, for example the four
component coherent system whose minpaths
are {12,34]. MNeither af the

events (12)(34) = X X X, ¢ xlxzx X, nav

3
. x‘xzx

3

(31 - x x_X Y“ can be

17273 3
wrilten an.a single product of component
eventa, and 30 thls aystem 19 not
shellable, There are, hawever, a large
number of classic reliadbility problenma,
with fmportant applications, for which the
underlying system {s shecilable, For the
rematnder of thia paper, we give cxamples
o thene syslems, along with the
appropriate shellings.

?. Matroid Systems

Matrolds make up a claas of coherent
binary systems that have been studied
extensively In a varlety of contexts, In
particular, they have been shown to be
espectally powerful (see [8), [9])
incharacter{zing combinatoritat
optimlization problems for which efftcient
soclution algorithma exist. Matroids are
shellable ([15], Corollary 3.2.2) an¢ thus
provide a cl1ass ol systems for which the
properties described in lection 1 hold.

In thls sectlion, wa descri{be Lwo important
classes of syatems that are matroids and
that are of Interest (n the study of
aystem reliability,




A, .raph Lonnoctudnows Much of the
gtuty of system rolllblllty hans employed
natwork models. One measure of aystem
reilabllity used {n the study of coumputer
comuuntcations networks l!s

Frloperating paths exist lLetwean
all node palrsa].,

|3 {n the ciase where nnly arces fall, the
R undertying eoherent binary syatem {3 what
r t3 known aas a grapnlce matrotd. For the

Koaph fl1lustrated in Figure l. the

/ ..
o~ %
\\;\\\\\\\ T,
' r”

Flgure 1

minpaths are {124, 125, 13, 135, 146,
Db, 235, 245 representing the spanning
reaeyg in the graph, These produce the
“helling

[}

Ry = 128 s (12T 0128+ (T2 (1E5) (130)

SVPIMTZEI(TIN (120

AT TZ5) YT (7I5CTAB)Y (2 34)
ST (T2 TR (T35 (A8 (ZIW) (235)
TZONCTIRV(TAIN (TI5(TE5) (F3M) (TI5) (2845)
" XXX, xlx'??.ux5 . x,ﬂjxjxu

v 9
| cx, 7 XB‘JYG R 8 ¢ XXy o« X xx

v 3 EaX 9 X 2 Xy X

Tnis class of svatems has boon astudiad
extenatively, nol only hecause of fts
importance from an application
standpotnt, but also because of the rich
atructure Lt containg.

31Xy

. Personnel Asslinment Systems: We now
dlacuus a sccond class of systems, which
w2 belleve has laportant practical
aprl.ieationa,  Thia gsystem ralates to tha
trellandtlity of a peraonnel asyastem,

Fignra 2 11lustrates the problem. The
Faf't hand set of nodes corresponds to
doba eritical to the survivial of an
cperation,  The right hand set of nodes
correapends to personnel. An are ta
inverted between a {ght hand and left
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personnel

operating state:

W n oo oo

a I d [

failed state (no way to cover both jobs a and b):

R 06 X ©® ©® O

Figure 2: A persounel system

hand node {f the jJjob can bhe [llled by the
corresponding person. This model {3, of
sourse, the classic asstgnment model . In
a retfabllity setting the components
correspond to personne!l., The rfailturec of a
person corresponds to that person belng
unable to work, and the system operaten
any time the set of operating persons can
cover all the required joha., Thun, the
measure of system reli{ab’'lity I3

pr{the aperatlng persuns can cover
al) requlired jobs]).

Note that given the set of failed persons,
the determination of whether the 3aystenm

T+ ccan operate {3 not completely

straightforward, 1In fact, 1t Involves the
anlution of an assignment problem,

Thio syatem 1a what i{s known an a
tranaversal matrold, If there are n jJobs,
then minpaths consiat of sets of n persons
with the property that there exists a way

of asatgning those n persons to the n jobs.

For the system of Figure 2, the minpalhs
are (12346, 12347, 12356, 12357, 12467,
12567, 13u56, 13457, 14867, 23456, 23457,

567‘. and these produce shelling (in the
order glven)

"0 - X x?x}x X6

v ox YZY]* S PR x1x?x37“xq?6x7

SRR KaXgXy * X R ? WX,

. X 9 XXX X X Y)xzxux X, x

. X 9?Q1x”x5x6x’ 9 XX XX
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$.  Linear Systems

A second broad category of shellable
ayatems (ncludea Lthose aystems whlch can
be represented as ltinear systcems,
Specifically, supnpase the componcnts of a
nystem correspond to real var{ables which
are sudbject to some sct of linear
ronatralnts {equalities or inequalities).
Component fallures correaspond to setting
the vorresponding varlables to wero, and
the syatem then operates {f the remailning
vartables can stll)l take values whlch
satiafy the constrailnts. We need to make
4 furthner assumption that the tinear
ayatem tys nonsdegenerate (tn the linear
progransing sense), although the two
avamples given here will be nondegenerate.
't can e ashown ((7), ftemma 2,1) that
*nene syastems are shelladle, and 30 the
rennlts of Section 1 apply,

A. MHecachabilfty: Suppose we are given a
tirected network G whode arcs are subject
to failure, The system operates If the
operating ares admit directed paths from
A ogiven asource node 3 to all aother nodes
oG, An eximple In given by the neltwork
i Flgure 3. The linear representation

-

! //'7L ~..

~ \4
. ~

.‘v//‘ 3
GJK\\\ il "
Lource ™~ -
2 “ o H//’ )
Ny
Figure 3
aof tmla eystem Ins

v ) ~ oy 3 oy ¥ - 1
vt yi Yoo 1

Yy ' Ye =1

Yy, o0, ynzﬁ, yjzn. y“ZO. ySEO

!
Sinee any solutien whilach gattarfies these
constraintas aust have the property that
the ares corresopnlding to nonzero
compeneats adawit paths from s to n, v,

‘oW Hne ean acheek Lhat the minpaths
“ar this system are {124, 125, 134, 135]
it these produce the shelling

R, - 124y o (13%1(125)
« ATTIVTIR ) (1 30)

ST e X 1'92x3x"

. x,izxziuxg

i3, Tranaportation Problems: Here we are
gfven a sel of my supply polnts with
supply ay avallable at supply point {, and
my demand pofnts, with demand b required
at demand point J. We asaume that total
aupply equala total demand, bul that no
proper subset of supply and demand polints
can have supply equal io demand. Each
link ({,}) between supply pofnt § and
demand point § (a subjert to Callure, and
the system operates {1 the operating links
are sufficlent to ship from avallable
supplies Lo meet the demands. As an
example we take the three aupply, two
demand system with a2, an=h, a3=~T, by=5,
and bae10.  The Vinear representation of
this system 1a

Component
] 2 3 ] 5 6

Link (3, 1)01,2)(2,1)(2,2)(3,1)(3,2)

Yyt Y, -2
Y3t ¥y « 6
Yo * Vg - 7
Y, t Yy t Y -5
¥, * Yy * Y ~10

y'ZO YZZO y320 yuzo y520 y6:0

and the minpaths are {1346, 1456, 7346,
2356|. These produce the ahelling

R, = (1306) + (YIU8) (1456)

+ (VIWEN(VITB) (o 3u6)
¢ (T3WB)(TH58) (ZTWH) (2446)

v ?'x2x3xnxﬁ

conclusion

We end the paper with a word on
algorithms which find shellings for these
systems, since good shelling algorithms
will lead Naturally to good algorithms for
rompnuting aystem rellahflity, Shelllng
algorithms do exlst for the problems glven
here that run {n tlme polynomial in Lhe
number of mi{npatha, Those for matrold
complexes can be construed from [u), ang
those for Linear systems from [7), Lemma
2.1. Neither of these papers, howevoer,
glve direct shelling algortthms, and
conslderatbly more efficlent algorlithms can
be obtalned by consldering the extra
atructure contatned in the 3ystems
presanted. Thene algorithma will be
rovered (n a Subsequent paper.

S S SO
D L AP A L
. o LK)
. ®e v -t

SRR DA
NP PP AP R P,




‘- ) B RN S e T N s S R T Y N I T WV N TWTwW W e T
REFERENCES 13, M.O, Locks, “Recuraton diajolnt
. - producis: a review of three
'. J.A. Abraham, "An {mproved nethod for algorithma", IEEE Trans. kellability,
network relfabttity”, IIE[_[[ans. vol. wei3r, 1987 apr . pp. $3n3n.
Reltabflity, vol. n428, 1973 Apr., 4
pp. §8nG1. t4, J.S8. Provan, "Approximating
reliabllity in networka%, to appear
2. K.X. Aggarwal, K,h. Misra, J.S. 1EEE Trans. Rel.
Gupta, "4 fast algortthm for
rellabillty evaluation", 1ERE Trans. 19. J.S. Provan and {.J, Blilera,
eltability, vol. RRA2Y4, 1975 Apr., "Decompositions of astmpliciatl ———d
- w 8%;§E—_ complexes related to diameter:n of
o convex polyhedra®, Math. Gper. icsa,,
e 1. ¥.K. Aggarwal and 5, Rat, vol. 5, 1980, pp. ST9a5ah. M e
e ngeilablllty evaluation in )
.- somputericommunlications networks,® 16. S.Rat, K.K. Aggarwal, "An effictent
o IEEE Trans. Relfability, vol. RA30, method for relfabtlity evaluation of a
e TO8T Feb. pp. 321435, general network", 1EEE Trans.
: Reliabtlity, vol., Ruz7, 1978 Aug.,
. M.5. Ball and G.l,, Nemhauser, pp. 2064211,
. wMatrolds and a reljabdility analysis -
: problen”, Mathematics of of Operatlons 7. R.K. Tiwari, M, Verma, “An algebralc -]
pesearch, vol. W, 1979, pp. BEFZILED techn)lque for reliability evaluatlion®, -
P —— IEEE Trans. Rellablility, vol. R#29, T
W, M.n. Ball and J.S. Provan, 1980 nct.,pp. 3114313,
—y vralculating bounds on reachability : 321
l~ and rconpnéctednens in stochaatle e
antworks," Networks, vol. 13, 1983,
pp. 28127l
f. w.4. Rennetts, "On the analysis of
rault trees", 1HEE ° Trans,
tiabiitty, vnl. RAZN, 197% Aug.,
- 7. . Manara) anag V., Xlee, "Shellings of

aphrres and polytopes,” Duke Math.
d., vol. W1, 1974, pp. LH3IANST,

v -]

1. sdmonds, "Matrefd partftion”,
Marnemntl%lror the Declsion Sclences

TLe~tures Tn appifed Hathematles),
Am(rl_ﬂith Gec,, val. 11, 1968

N ny 1 QTTE
T, 0. Sdm onda, “Matrolds and the grecdy R
algortithm®, Math Pr ogrnmmlng, vol. 1, - .
1ait, pp. 1.iAT IR
1o, L, Fratta and .4, Montanart, "A

Raolean algebra mathod for computing
cme tarmtnal relladiltly tn a
coammunteation netaoprwn, TE

Trans.

Ftrcult_Thegry, vol. CT#ZDT1973 May,
N ap. J0 A0,

;f ti. v.v, Lin, ®8.J), Leon, T.C., Huang, "R
-, naw algoritam far aymhollc aystem

). eltability anatyala”, [TEEE 'lr‘dn').
= gerfanility, vol. karhy, A975 Aprly
- LT,

Y

L. 1. M., Laexs, "Recaratva disjotint

R- products, tnclusfonbexclinston and
Y minAut apprecimatiaona®, 1EEE Trans.
~ He)iability, vel. Re29, 1953 Dec

Ld Pp. InANITY .

g

‘- .

A
.‘-




Y UNCLASSISTED .
B SECURITY CLASSIFICAT .ON OF ' WIS PAGE

CRdE Tt et tnat i e s e Ia R e e Bdh T s RS na A db Bl Sl 2 It Tie

REPORT DOCUMENTATION PAGE

B i e e L Jond

1a REPOART SECURITY CLASSIFICATION

1. RESTRICTIVE MARKINGS

N UNCLASSIFIED

' 20. SECURITY CLASSIFICATION AUTHORITY 3. DISTRIBUTION/AVAILABILITY OF REPORT

Approved for public release; distribution
. 2> DECLASSIFICATION/DOWNGRADING SCHEDULE unlimited.

‘:: 4. PEAFOAMING ORGANIZATION REPORT NUMBER(S) 5. MONITORING ORGANIZATION REPORT NUMBER(S)

. UNC/ORSA/TR-84-16 AFOSR-TR- 85-0105

University of North (If appliceble,

6a. NAME OF PERFOAMING ORGANIZATION b. OFFICE SYMBOL
Carolina

7a. NAME OF MONITORING ORGANIZATION

Air Force Office of Scientific Research

6c. ADDRESS (City, State and ZIP Code)
Curriculum in Operations Research & Systems

70. ADDRESS (City, State end ZIP Code)
Directorate of Mathematical & Information

pe Analysis, Smith Bldg 128A, Chapel Hill NC Sciences, Bolling AFB DC 20332-6448
. 27514
8s. NAME OF FUNDING/SPONSORING Sb. OFFICE SYMBOL |9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (If applicebiei
AFOSR NM AFOSR-84-0140
8c. ADDRESS (City, State and ZIP Code) 10. SOURCE OF FUNDING NOS.
» ' . r:::n:xo PROJECT TASK WORK UNIT
LEMEN ) NO. NO. NO.
Bolling AFB DC 20332-6448 61102F 2304 A5

11. TITLE (Include Security Classificotion)
PROPERTIES OF SYSTEMS WHICH LEAD TO EFFICIENT COMPUTATION OF RELIABILITY
12. PEASONAL AUTHOR(S)

J. Scott Provan and Michael 0. Ball
13a TYPE OF REPORT 13b. TIME COVERED
Technical FAOM

16. SUPPLEMENTARY NOTATION

14. DATE OF REPORT (Yr., Mo., Day) 18. PAGE COUNT

AUG 84

TO

COSAT! CODES
GRour

18. SUBJECT TERMS (Continue on reverse if necessary snd identify by block number)

i 17
FIELD

SUB. GR.

19. ABSTRACT (Continue on reverse if necessery end identify by dlock number)

One of the most widely used approaches to computing systems reliability is to represent the
system structure in terms of a Boolean sum of all minpaths. This expression is then trans-
formed into a sum of disjoint terms. The probability of each term is then summed to obtain
the reliability of the system. A key question with respect to the difficulty of this ]
process relates to the ability to transform the initial sum into a sum of disjoint products. T
In this paper, the authors show that for the class of shellable systems, there always exists SR
a disjoint product expression with a number of terms equal to the number of minpaths. The ©
. authors provide several examples of shellable systems for which such an expression can be ‘1
! efficiently found. - 4

20. DISTRISUTION/AVAILABILITY OF ABSTAACT 21. ABSTRACT SECURITY CLASSIFICATION -

UNCLASSIFIED
- 22s. NAME OF RESPONSIBLE INDIVIOVAL 220. TELEPHONE NUMBER
e (Include Ares Code)

ot MAJ Brian W. Woodruff (202) 767~ 2027 NM .'f:-_‘.'i:*

DD FORM 1473, 83 APR SOITION OF 1 JAN 73 1S OBSOLETE. UNCLASSIFIED —_—
SECURITY CLASSIFICATION OF THIS PAGE - :‘

x uncLassit1E0/UNLIMITED &) same as arr. O oTic usens O

22¢. OFFICE SYMBOL BNt

o A A A AR ‘e . S S SR PRI I I SR AL IR
’ LR T S P A L L L .
PN S0

LAY -a®n . o .
o - % PR c . . - . ..t
I PO B A SR P P P i - LIPULIPRLY

~

-
a

[
»,

-.0'. e
A e g "o




~ .
VLSRRI

ry—g
P

’

0

r

s o
1
ot

-

b




